
MA453
Homework b

1. (a) For any x⃗ = (x1, . . . , xm)
T ∈ Zm

x⃗ =
∑m

i=1 xiei ⇒ ϕ(x⃗) =
∑m

i=1 xiϕ(ei) =
∑m

i=1 xiwi = Wx⃗, where,

W =
[
w1 w2 · · · wm

]
(b) so, w1, ..., wm ∈ Q ⇒ linearly dependent over Q

so there are rational coefficients a1, ..., am not all 0 with
∑m

i=1 aiwi = 0

(c) so choose 0 ̸= b ∈ Z so that z = ba ∈ Zm − 0

thenWz = bWa = 0

(d) by (a) ϕ(z) = Wz = 0 with z ̸= 0

which contradicts injectivity of ϕ

so no isomorphism can exist with m > n, so m ≤ n, same idea to isomorphism:
Zn 7→ Zm gives n ≤ m

thusm = n



2. 720 = 24 · 32 · 5

α(720) = part(4) · part(2) · part(1) = 5 · 2 · 1 = 10
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3. (a) part(1) = 1, part(2) = 2, part(3) = 3, part(4) = 5, part(5) = 7, part(6) = 11

(b) An abelian group made of factors of p means every element has order that is some
power of p, so only possible ways to make a product of cyclic pieces whose total ex-
ponent is e are:
e = 1 → splits p1 : p → 1
e = 2 → splits p2 : p× p → 2
e = 3 → splits p3 : p2 × p, p× p× p → 3

which are the exact partitions of part(e), which are the number of ways to break e
into positive integer that add up to e.

so if n has prime decomposition: pe1 × ... × per then a group of order n must be
built by picking:

one choice of structure for e1, e2, ..., er, which do not interfere with each other be-
cause the multiplication factors are independent

So the total number of possibilities equals product of the choices for each prime:

α(n) = part(e1)× ...× part(er)

(c) max part(e2)part(e3)part(e5) subject to e2 + e3 + e5 = 8 and ei ≥ 1

(6,1,1): part(6)part(1)part(1) = 11 · 1 · 1 = 11
(5,2,1): 7 · 2 · 1 = 14
(4,3,1): 5 · 3 · 1 = 15
(4,2,2): 5 · 2 · 2 = 20
(3,3,2): 3 · 3 · 2 = 18

so max (e2, e3, e5) = (4, 2, 2)

n = 24 · 32 · 52 = 16 · 9 · 25 = 3600

and max number of abelian groups is part(4)part(2)part(2) = 20
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