
1 Describe the elements of 355

23 5 0

is

clearly none of satisfy 23 5 0

so it is irreducible

Q EA Q 3

1 2 22

p2 a t b2tc2 0 a b c EQ

note α is a root

so P E QTX and degree at most
2

so α 37 be x3 5 0

so the min irreducible over Q f x 23 5

p is a multiple of f

and since P 2 o either Play is the zero poly or

fix p a in QIXT

but nonzero mutts of f musthave degree of at leasts



so Pla o must be zero poly

a b c 0

37 is spanned by 1 2,22

atba c2 a b c e Q

so dim Qld 3 and 131,2 5 3

1,2 22 is a basis

this elts will look line

E a F b 55 c albicea



2 show that 4 F M

1 Q 4 M M atbi a be a

so 4 i 4 1 i

a 4 b 1 e Q 4 ie i

50 Q i field contains Q and 4 i 4 i a

2 Q i 014 M

sup α 4 i

so α Q 4 i bydefn 2
4 Q 4 i by defn

so i 4 α e Q 4 i

so i e Q 4 i Qld 4 i



3 Show that fix and fixta have the same

splitting field it a F and f e FIX

Ex fix Cant text co w Ci elf

Suppose a and Fe X and suppose that

α in a root of f

so f x 0

So let β a α

so f Bta fla o β is a root

of fixta

Let E be splitting field of fix over F

So E F 21 2n di roots of f

Note each di di a ta and sink a EF

so F dy 2n F α a 2n a

and each α a are the roots of f Bta

Similarly any splitting
field of g is also one for f

So the splitting fields fix and fixta must coincide



4 Find an extension field where fix 3
2 1

7 372 factors and indicate the
factors into which

f splits Fz 2 372

f o 1 1 1 2 1 4 f 2 8 4 1 13

No root in Az irreducible in Fz

Let E BED 13 21 1 α class of t

then 23 22 1 0 α root of

so in EE f x
3
2 1 1 2

GEEquadratic

By synthetic division
over E FEEL

g x x2 2x 122 2

so f x x a x2 2x 42 2

disc 22 4 22 2

4 1 disc 22 22 2 2 1

Roots x 211T 221
Note in F3 2

1
2 so β 2 2 1 2 22



B2 2 2 1 22 2 1 22

So x xx 22 2 x B1 x B2

2 12 22 x 1 22

50 23 2x 1 x 2 x 2 22 2 11 22

Titinto



5 show that x2 2
8 1 only has simple

roots in any extension of 2 372 On the otherhand

show that fix x 2 9 1 does have multiple

roots over some extension of 7 372

1 fix x 2 8 1

f 1 7 21
20 16

7 0
20

117
7

f x 27

910 1

so let hix be a poly

it hix xᵗ and hex fix Lix gios 1

But only divisors of 1 in a polyring
are units

god fix x 1 No multiple roots

in any extension
fieldof F



2 fix x2 2 9 1 FIX

f x 21
20

18
8

0
20

0
8

0

f x 0 zero poly

gcd f f gcd f o f 1

f must have multiple roots in some

extension

factorf atb c
3
as 53 c

because coeffs 3 0 in E3

27 2 3 133 1 73 2 333 β

x2 23 9 1

2
9
1 f x

Next let E be the splitting fieldof
7
2
3 1 h X

By defn α is a root E E

fix h x and h x x x q x



fix h x
3

2 3q x
3

so in E α in a rootof mult 3

must have multiple roots in E


