MA 453
Homework A Week 1

1. Suppose that py, ..., py is a finite list of primes
letc=p1-po-...-pp+1
so, pick any p;, where 1 <1 < k
so, ged(c, p;) = ged(pi, (p1 - p2 - ... - pr + 1) mod p;)
S0, P1, ..., P, are all primes so for any p;, we get remainder of 1
s0, gcd(pi, (p1 - p2 - - - pe + 1) mod p;) = ged(p;, 1) = 1
For every p; we get that gcd(p;, c) = 1
$0, ¢ is a coprime of every p; by definition. (%)

Next suppose that there are finitely many primes p;, ..., pr and suppose that N = p; -
P2 okt 1

by (%) gcd(N,p;) = 1 forevery 1 <i <k

so, none of pq, ..., p, divides N

so, every integer N > 1 has a prime divisor

so, N must have a prime divisor ¢, s.t ¢ & p1, ..., Pk

q is a new prime! Ouch!



2. Suppose that S is the set of N s.t every s € S has two different prime factorizations and
S#Qandletn=p;-...-pr =¢q; ... q betheminin S, thatisn < sforalls € S

so, p1 = min{p;} and ¢; = min{g;}

by Euclid’s lemma = py|q; - ... - ¢

so, p; = gj for some 1 < j </

similarly, Euclid’s lemma = ¢ |p; - ... - py

so,q; = p; forsome 1 <i <k

since 1 @< ... <qg=>a<¢g=p1=>q@<p

and similarly, p1 <po < ... <pr=>p <ppr=qa =P < @

Ahal p; = q
n

50, — =P2-..Pr = G2 ---q
P

so,if p; # g, foralli = j
) n
then thereisanm € Sstm=—<n
P
but this contradicts that n is the min. element of .S
so the factorizations must be identical
so,k—1=1[—1andp; = g; foralli = j, where 7, j > 2 and we showed earlier that p; = ¢;

which contradicts that n € S

soS =10



3.c=a+4
b+2=a+4=b=a+2
(a,a + 2,a + 4) < prime tuple must have form
so case a = 2
a = 2,b=4,c= 6 can’t happen because b and c are not primes. Ouch!

Since all primes > 2 are odd then (a,a + 2,a + 4) must all be odd and also they must
be consecutive prime numbers.

So, among three consecutive odd numbers one must be divisible by 3

So, the only prime triple that works must be (3,5, 7)



4, Basecase:n=1=11' —4' =7mod 7= 0

Now suppose we’ve checked up to the n = k case, then we know
(11* —4F) mod 7=0 (%)

so, TIFHL — gk+1 = 11K 11 — 4% 4 = (11 11% — 11 - 45) + (11 - 4 — 4% . 4)
11+ (117 — 4%) +4F(11 — 4) = 11 - (11F — 4F) + 4%(7)

s0, 4% . 7mod 7 = 0 trivial, and 11 - (11%¥ — 4*) mod 7 = 0 by (%)

So, 11 - (11% — 4%) + 4¥(7) mod 7 = 0

Hence true for the n = k 4 1 case.



